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1927 Pauli ( 1928 Dirac
) spin $Schr\tilde{o}dinger$ Pauli








$H=\psi_{A}^{2}+\Phi(q)$ , $\psi_{A}=\sum_{j=1}^{m}\gamma^{\dot{\mathcal{J}}}(\frac{\hslash}{i}\partial_{q_{j}}-A_{j}(q))$ . (3)
$F_{jk}(q)$ $R^{m}$ external gauge potential $A=\Sigma_{j=1}^{m}A_{j}(q)dq_{j}$
$F_{jk}=\partial_{q_{j}}A_{k}-\partial_{qk}A_{j}$ (4)
692 1989 1-21
2$\Phi(q)$ $R^{m}$ potential $function$ $\{\gamma^{j}\}_{j}^{m_{=1}}$
((Euclidean) Dirac ) r $\cross$ r-Hermite
$\gamma^{j}\gamma^{k}+\gamma^{k}\gamma^{j}=-2\delta_{jk}$ (5)
$\psi(q, t)$ $R^{m}\cross R$ $(q,t)$ $C^{r}$
$r=2^{l}$ $l=[m/2]$ Gauss
$Fey_{TI}nan$ heuristic $ar_{\Leftrightarrow}ument$ (Copen-
hagen ) $t$ $R^{m}$
Hilbert $L^{2}(R^{m})$ $u(x,t)$ Schrodinger





$u(x, t)=(e^{-\pi^{tH}}\phi)(x):$ . (8)
Lie-Kato-Trotter
$e^{-}$ $tH=S- \lim_{karrow\infty}(e^{-\pi^{:}\tau^{\iota_{V}:t}}e^{-\pi\tau^{H_{0}}})^{k}$ (9)
$\phi$
$(e^{-\frac{t}{k}H_{0}}: \overline{\hslash}\phi)(x)=(2\pi i\frac{\hslash}{M}t)^{-m/2}\int e^{:M(x-y)^{2}/2\hslash t}\phi(y)dy$ (10)
$(e^{-\frac{:}{h}tH} \phi)(x)=s-\lim_{karrow\infty}(2\pi i\frac{\hslash}{M}t)^{-m/2}\int\cdots\int e^{\frac{:}{\hslash}S_{t}(x_{k},\ldots,xo)}\phi(x_{0})dx_{0}\ldots dx_{k-1}$ (11)
xk=x
$S_{t}(x_{k}, \ldots, x_{0})=\sum_{j=1}^{k}[\frac{M}{2}\frac{(x_{j}-x_{j-1})^{2}}{(t/k)^{2}}-V(x_{j})]\frac{t}{k}$ (12)
Feynman $\gamma(t)=x$ path $\gamma(\cdot)$ $S_{t}(x_{k}, \ldots, x_{0})$ $karrow\infty$
$S_{t}( \gamma)=\int_{0}^{t}L(\gamma(\tau),\dot{\gamma}(\tau))d\tau$ , $L( \gamma(\tau),\dot{\gamma}(\tau))=\frac{M}{2}\dot{\gamma}(\tau)^{2}-V(\gamma(\tau))$ (13)
2
3path space $d\gamma$ $=$ (normalizing $constant$ ) $\coprod_{0\leq\tau\leq t}d\gamma(\tau)$
(11)
$\oint_{C_{e,x}}\rho^{\frac{:}{\hslash}S_{t}(\gamma)}\phi(\gamma(0))d\gamma$ where $C_{t,x}=\{\gamma\in C([0, t];R^{m});\gamma(t)=x\}$ . (14)
$d\gamma$ Feynman
[9] 1979 $Schr\hat{o}d\dot{m}$ger




$(1/l2)R$ (quantization problem. on curved manifold)
( - [13]) (
)
Lagrangian formulation Hamiltonian formulation










$z=(x, \xi)$ $J=(\begin{array}{ll}0 I-I 0\end{array})$
$\{\begin{array}{l}\partial_{t}\phi_{H}(t,s,z)+H(z-\frac{1}{2}J\partial_{z}\phi_{H}(t,s,z))=0\phi_{H}(t,t,z)=0\end{array}$ (18)
$\{\begin{array}{l}\partial_{t}\mu_{H}(t,s,z)+\{I\partial_{z}H(z-\frac{1}{2}I\partial_{z}\phi_{H}(t,s,z)),\partial_{z}\mu_{H}\}-\frac{1}{8}tr(H’’I\phi_{H^{u}}I)\mu_{H}=0\mu_{H}(t,t,z)=1\end{array}$ (19)
$H”$ $\phi_{H’’}$ $H$ $\phi_{H}$ Hessian $z-(1/2)J\partial_{z}\phi_{H}(t, s, z)$ 1
$\phi_{H}(t, s, x, \xi)$ Hamilton-Jacobi $\mu_{H}(t, s, x, \xi)$
Feynman &Hibbs [8] 355 :
3
4“. .. path integrals $suffer\cdot grievously$ from a serious defect. They do not permit
a discussion of spin operators or other such operators in a simple and lucid
way. They find their greatest use in systems for which coordinates and their
conjugate momenta are adequate. Nevertheless, spin is a simple and vital part
of real quantun-mechanical systems. It is a serious linitation that the half-
integral spin of the electron does not find a simple and ready representation. It
can be handled if the amplitudes and quantities are considered as quarternions
instead of ordinary complex n!mbe, but the lack of commutativity of such
numbers is a serious complication.”




tonian ( $=$ super Hamiltonian) ( $=$ pseudo
classical mechanics) Intissar $\circ$ Feynman




( - [14] )
Schr\"odinger Pauli
2 Clifford $algebras_{\backslash }$ spinors $\xi$ super Hamiltonian
$(\cdot, \cdot)$ $N$ $V_{N}$ $\{e_{A}\}_{A=1}^{N}$
$e_{A}e_{B}$ (Clifford )
$[e_{A}, e_{B}]_{+}=e_{A}e_{B}+e_{B}e_{A}=-2\delta_{AB}$ (20)
\mbox{\boldmath $\tau$} Clifford algebra $Cl(V_{N})$
$w= \sum_{|a|\leq N}w_{a}e^{a}$
with $w_{a}\in$ C. (21)
4
5$a,$ $b,$ $c,$ $\cdots$ $0$ 1 $a=(a_{1}, \ldots, a_{l}v)\in\{0,1\}^{N}$ $|a|=$
$\Sigma_{A1}^{N_{=}}a_{A},$ $e^{a}=e_{1}^{a_{1}}\cdots e_{N^{N}}^{a}$ ((20) Clifford
Bracky, Delanghe &S $0$mmen [3] )
$N=2I$ $V_{N}$ $\{e_{-1}, e_{0}\}$ $V_{N+2}$
$\{e_{-1}, e_{0}, e_{1}, \ldots, e_{N}\}$ $j=0,1,$ $\cdots,$ $l$
11
$\sigma_{j}=\overline{\sqrt{2}}^{(e_{2j-1}}+ie_{2j})$ , $\overline{\sigma}_{j}=\overline{\sqrt{2}}^{(e_{2j-1}-i\epsilon_{j})}\underline{9}$ (22)
$N=2l+1$ $\{e_{0}, e_{1}, \ldots, e_{N}\}$ $V_{N+1}$ $j=0,1,$ $\cdots,$ $l$
$\sigma_{j}=\frac{1}{\sqrt{2}}(e_{2j}\div ie_{j\sim’+1})$ , $\overline{\sigma}_{j}=\frac{1}{\sqrt{2}}(e_{2j}-ie_{2j+1})$ (23)
$N$ $j,$ $k=0,1,$ $\cdot\cdot;,$ $l$
$[\sigma_{j}, \sigma_{k}]_{+}=0$ , $[\overline{\sigma}_{j},\overline{\sigma}_{k}]_{+}=0$ and $[\sigma_{j},\overline{\sigma}_{k}]_{+}=-2\delta_{jk}$ (24)
2.1 1. $Gr(l+1)$ $\{1, \sigma_{0}, \ldots, \sigma_{l}\}$ $C$ free $algebra_{\backslash }\overline{G}r(l+1)$
$\{1, \overline{\sigma}_{0}, \ldots,\overline{\sigma}_{l}\}$ $C$ free algebm polarized Grassmann
algebras
2. $Gr(l+1)$ (resp. $\overline{G}r(l+1)$)
$\psi=\sum_{|a|=even}\psi_{a}\sigma^{a}$
with $\psi_{a}\in C$ (resp.
$\psi=\sum_{|b|=even}\psi_{b}\overline{\sigma}^{b}$
with $\psi_{b}\in C$ ) (25)
$S$ (resp. $\overline{S}$) $\psi\in S$ spinor (resp. $\overline{\psi}\in\overline{S}$ $anti-$
spinor) $S$ (resp. $\overline{S}$) 2
3. ( ) $*:Sarrow\overline{S}$ (resp. $*:\overline{S}arrow S$) (25) $\psi$ $*\psi=$
$\sum_{a}\overline{\psi}_{a}\overline{\sigma}_{a}$ (resp. $* \psi=\sum_{b}\overline{\psi}_{b}\sigma_{b}$ ) $*^{2}=Id$ $\psi,$ $\psi’\in S$
$( \psi,\psi’)=\psi\rfloor*\psi’=\sum_{a}\psi_{a}\overline{\psi}_{a}’$ (26)
$S$ $2^{l}$ exterior $algebra_{\backslash }\overline{S}$ dual
$S$ $\overline{S}$ interior product $\psi\in S$ $js$ $|\psi|^{2}=$
$(\psi, \psi)$ ( $|\cdot|$ )
6$Cl(V_{N})$ spinors $\rho_{0}$
$[\rho_{0}(e_{A})_{j}\rho_{0}(e_{B})]_{+}=\rho_{0}([e_{A}, e_{B}]_{+})=-2\delta_{AB}$ for $A,$ $B=1,$ $\cdots,$ $N$ (27)
$N=2l$ $j=1,$ $\cdots,$ $l$
$\{\begin{array}{l}\rho_{0}(e_{2j-1})=(\sigma_{0}\perp_{I}\overline{\sigma}_{0}\rfloor)(\sigma_{j}+\overline{\sigma}_{j}\rfloor)\rho_{o}(\rho\backslash \vee 2j,,=i^{/}|\backslash \sigma_{0}\frac{|}{|}\overline{\sigma}_{0}\rfloor)(\sigma_{j}-\overline{\sigma}_{j}\rfloor)\end{array}$ (28)
$N=2l+1$ $j=1,$ $\cdots,$ $I$
$\{\begin{array}{l}\rho_{0}(e_{2j-1})=i(\sigma_{0}\frac{|}{}\overline{\sigma}_{0\lrcorner^{|}})\mathfrak{l}_{\backslash ’}\sigma_{j}-\overline{\sigma}_{j}\rfloor\grave{)}\rho_{0}(e_{2j})=-(\sigma_{0}\frac{t}{|}\overline{\sigma}_{0\lrcorner^{|}})(\backslash \sigma_{j}+\overline{\sigma}_{j}\rfloor)\rho_{0}(e_{2l+1})=_{-}il_{\backslash }\sigma_{O}\overline{l’}\overline{\sigma}_{O\rfloor^{|}J}{}^{t}(\sigma_{0}-\overline{\sigma}_{0_{A}}|)\end{array}$ (29)
\langle $N=3$
$\rho_{0}(e_{1})=(\begin{array}{ll}0 li 0\end{array})$ , $\rho_{0}(e_{2})=(\begin{array}{l}0-ii0\end{array})$ , $\rho_{0}(e_{3})=(\begin{array}{l}100-1\end{array})$
2.2 1. $R^{m}$ vector bundles $\pi$ : $S=R^{m}\cross Sarrow R^{m}$ $\overline{\pi}$ : $\overline{S}=R^{m}\cross\overline{S}arrow$
$R^{m}$ spin $bundle$ anti-spin bundle o
2. $\Gamma(S)$ $S$ sections, $\Gamma_{0}(S)$ $S$ sections $R^{m}$
$\Gamma^{\infty}(S)$ $S$ sections $\Gamma_{0}^{\infty}(S)$ $\Gamma^{\infty}(S)$
$\Gamma_{0}(S)$
3. (25) \mbox{\boldmath $\tau$} $\Gamma_{0}(S)$
{ $\psi,$ $\psi’\rangle$ $= \int_{R^{m}}(\psi(q),\psi’(q))dq$ , $||\psi||^{2}=\{\psi,\psi’\rangle$ (30)
$L^{2}(S)$ $\Gamma_{0}(S)$ $S$ sections
Grassmann algebra superspace $\Gamma^{\infty}(S)$
superspace superdiffferentiable : $(m, l+1)$ su-
perspace $R^{m,l+1}$ $x_{1},$ $\cdots$ , xm $\theta_{0},$ $\cdots,$ $\theta_{l}$ $R^{m,l+1}$ superdif-




7$\psi(q)=\sum_{|a|=even}\psi_{a}(q)\sigma^{a},$ $\psi_{a}(x)$ $\psi_{a}(q)\in C^{\infty}(R^{m})$ Grass-
mann continuation $q=$ $(q_{1}, \cdot q_{m})\in R^{m}$ $R^{m,0}$ body part
$u(x, \theta)\in C_{e}^{\infty}(R^{m,l+1})$
$(bu)(q)=u(q_{1}, \cdots, q_{m}, \sigma_{0}, \cdots, \sigma_{i})$ (32)
$C_{e0}^{\infty}(R^{m,l+1})$ $L^{2_{-}}$ $||\cdot\Vert$ $\psi\in\Gamma_{0}^{\infty}(S)$
$u\in C_{e0}^{\infty}(R^{m,l+1})$
$||\neq\psi\Vert=\Vert\psi||$ , $\Vert bu||=\Vert u\Vert$ . (33)
$(0<\hslash\leq 1)$ $\#$ $b$ $Cl(V_{IN})$
$\#\rho b$ $R^{m,l+1}$ $N=2l$ $i=$
1, $\cdots,$ $l$
$\{$ $\rho(e_{2j-1})\rho(e_{2j})$ $== \frac{\overline\hslash-1:_{b}}{\hslash}b(\theta_{0}+.\frac{\partial\theta 0_{\partial})}{\partial\theta_{0}})(\theta_{j}-\frac{\partial_{j\partial})}{\partial\theta_{j}})(\theta_{0}+\frac{\hslash}{i}\frac{}{\underline,1\hslash\partial}(\theta_{j}+\frac{\hslash}{i}\frac{}{\underline,:\hslash\partial\theta}\#_{\#}$ (34)
$N=2l+1$ $j=1,$ $\cdots,$ $l$
$\{\begin{array}{l}\rho(e_{2j-1})=\frac{-1}{\hslash}b(\theta_{0}+\frac{\hslash}{i}\frac{\partial}{\partial\theta_{0}})(\theta_{j}-\underline{\hslash}\frac{\partial}{\delta\theta_{j}})\#\rho(e_{2j})=-\overline{\hslash}b(\theta_{0}+\underline{\hslash}\frac{\partial}{\partial\theta_{0}})(\theta_{j}+\underline{\hslash}\frac{\partial}{\partial\theta_{j}})\#\rho(e_{2l+1})=\frac{-1}{\hslash}b(\theta_{0}+\frac{\hslash}{i}\frac{\partial}{\partial\theta_{0}})(\theta_{o-}^{\underline{\hslash}}\frac{\partial}{\partial\theta_{0}})\#\end{array}$ (35)
Appendix Fourier (2)
symbol $H=H(x;\xi, \theta;\pi)$ $H(x;\xi, \theta;\pi)=H_{B}+H_{S}$


















3 Super Hamiltonian $\epsilon$ Super oscillatory integral.
$1=[m/2]$ super cotangent space
$T^{*}R^{m,l+1}=R^{2m,2l+2}$ super Hamiltonian $H(x;\xi, \theta;\pi)$
A.
(A 1) $H(x;\xi, \theta;\pi)\in C_{\epsilon}^{\infty}(R^{2m,2l+2})$ .
(A 2) $H(x_{B};\overline{\xi}_{B}, 0;0)$ $T^{*}R^{m}$
(A 3) $|\alpha|+|\beta|+|a|+|b|\geq 2$ $\alpha,$ $\beta,$ $a$ $b$ $C_{\alpha,\beta,a,b}$







$(x(s);\xi(s), \theta(s);\pi(s))=(y;\eta,\omega;\rho)\in T^{*}R^{m,l+1}$ (41)
8
9( $\{\cdot,$ $\cdot\}$ super Poisson bracket ) super Hami-ltonian
(40), (41) A
$(x(t, s);\xi(t, s),$ $\theta(t, s);\pi(t, s))$ $(x(t, s, y;\eta,\omega;\rho);\xi(t, s, \cdots), \theta(t, s, \cdots);\pi(t, s, \cdots))$
$\delta_{1}>0$ $|t-s|<\delta_{1}$ $t,$ $s$
$(\eta, \rho)$
$(y,’)\in T^{*}R^{m,i+1}arrow(x(s,y;\eta,c_{\sim} ; \rho), \theta(t, s,y;\eta,t\sim;\rho))\in T^{*}R^{m,l+1}$ (42)
HeomOTphiSm $T^{*}R^{m,l+1}$
$y=y(t,s, x_{j}\cdot\eta,\theta;\rho)$ , $\llcorner’=b^{\backslash }(t, s,x;\eta,\theta;\rho)$ (43)
$L(x; \xi, \theta;\pi)=\sum_{=\hat{J}1}^{m}\xi_{j}\partial_{\xi_{j}}H(x;\xi, \theta_{2}\cdot\pi)+\sum_{--0}^{l}\pi_{f}\vec{\partial}_{\pi_{r}}H(x;\xi^{\wedge}\theta;\pi)-H(x;\xi, \theta;\pi)$, (44)
($\xi|y$ } $=\Sigma_{j}^{m_{=1}}\xi_{jy_{j}},$ $\{\rho|\omega\}=\Sigma_{r=0}^{l}\rho_{\tau}\omega$,
$u(t, s;y;\eta,\omega;\rho)=\{\eta|y\}-\{\rho|\omega\}+l^{t}L(x(\tau);\xi(\tau), \theta(\tau);\pi(\tau))d\tau$, (45)
$\phi(t, s, x;\eta, \theta;\rho)=u(t, s,y(t,s, x;\eta, \theta;\rho);\eta,\omega(t, s, x;\eta, \theta;\rho);p)$ (46)
$J(t, s, x;\eta, \theta;\rho)=sdet$ $\{\begin{array}{ll}\partial_{x}y(t,s) \vec{\partial}_{\theta}y(t,s)\partial_{x}\omega(t,s) \vec{\partial}_{\theta}\omega(t,s)\end{array}\}$ , (47)
$\mu(t,s, x;\eta, \theta;\rho)=J(t, s, x;\eta, \theta;p)^{1/2}$ (48)
$\circ$ sdet $A$ $A$ super determinant $\phi$ $\mu$




$(E(t,s)u)(x, \theta)=(2\pi\hslash)^{-m/2}\hslash^{(l+1)/2}\iota_{l+1}\int_{R^{m.l+1}}\mu(t,s, x;\xi, \theta;\pi)$
$\cross e^{i\hslash^{-1}\phi(t,s\rho;\xi,\theta;\pi)}(\mathcal{F}u)(\xi,\pi)d\xi d\pi$ (49)
Appendix $\iota_{l+1}=(-i)^{(l+1)^{2}/2}$ ,
$( \mathcal{F}u)(\xi,\pi)=(2\pi\hslash)^{-m/2}\hslash^{(l+1)/2}\iota_{l+1}\int_{R^{m,t+1}}e^{-\frac{j}{h}((\xi|y\rangle-\langle\pi|\omega\})}u(y,\omega)dyd\omega$ .




(49) (31) (32) $\Gamma_{0}^{\infty}(S)$
$(E(t, s)\psi)(q)=(bE(t, s)\neq\psi)(q)$ (50)
$T>0$ $\triangle$ $[-T, T]$ $[s,t]$
$\triangle$ : $s=t_{0}<t_{1}<\cdots<t_{L}=t$
$\delta(\triangle)=\max_{1\leq j\leq L}|t_{j}-t_{j-1}|$ $\delta(\Delta)$ $\triangle$ $E(\Delta|t, s)$
$E(\triangle|t, s)=E(t,t_{L-1})E(t_{L-1},t_{L-2})\cdots E(t_{1}, s)$ . (51)
$E(\Delta|t,s)=bE(\Delta|t, s)\#$ (52)
1 $T$ $t,$ $s\in[-T, T]$ $H(x;\xi, \theta;\pi)$
$\delta_{1}(T)$
1. $|t-s|<\delta_{1}(T)$ $t,$ $s$ $E(t, s)$ $L^{2}(S)$
2. $\delta(\triangle)arrow 0$ $E(\triangle|t, s)$ $L^{2}(S)$ $F(t,s)$
$\hslash,$ $\Delta$ $t,$ $s$ $C$
$\Vert F(t,s)-E(\triangle|t,s)\Vert\leq C\hslash|t-s|e^{C|t-s|}\delta(\Delta)$ . (53)
3. $\{F(t, s)|t, s\in[-T, T]\}$
$(a)F(s,s)=Id$.
$(b)$ $\psi\in L^{2}(S)$ $F(t, s)\psi$ $(t, s)\in[-T, T]\cross[-T,T]$ $L^{2}(S)-$
$F(t_{1}, t_{2})F(t_{2}, t_{3})\psi=F(t_{1}, t_{3})\psi$ for any $t_{1},$ $t_{2},t_{3}\in[-T, T]$ . (54)
10
11
$(c)$ $\psi\in\Gamma_{0}^{\infty}(S)$ $F(t, s)\psi$ $(t, s)\in[-T, T]\cross[-T, T]$ $L^{2}(S)-$
differentiable
$\{\begin{array}{l}\frac{\hslash}{i}\frac{\partial}{\partial t}F(t_{J}\backslash s)\psi+H^{w}F(t,s)\psi=0\frac{\hslash}{i}\frac{\partial}{\partial s}F(t,s)\psi-F(t,s)H^{w}\psi=0\end{array}$ (55)
$H^{w}=bH^{w}\neq$ $H^{w}$ $u\in C_{e0}^{\infty}(R^{m,l+1})$
$(H^{w}u)(x, \theta)=(2\pi\hslash)^{-m}\hslash^{l+1}\iota_{l\perp 1}^{2}\int_{R^{n,l+1}}H(\frac{x+y}{2};\xi, \frac{\theta+\omega}{2};\pi)$
(56)




$\{\sigma_{j}\}_{j}^{\infty_{=1}}$ $C$ Grassmann algebra
$\sigma_{j}\sigma_{k}+\sigma_{k}\sigma_{j}=0$ for all $j,$ $k=1,$ $\cdots,$ $\infty$ . (57)
$\Lambda^{C}$
$z=z_{B}+z_{S}=z_{B}+ \sum_{1\leq|a|<\infty}z_{a}\sigma^{a}$
$z_{a}\in C$ . (58)
$a=(a_{1}, a_{2}, \cdots)\in\{0,1\}^{N}$ $A$ $a_{A}=0$ $|a|= \sum_{A}a_{A\text{ }}$
$\sigma^{a}=\sigma_{1}^{a_{1}}\sigma_{2^{2}}^{a}$











$\Lambda^{C}$ associative, non-commutative algebras




$\Lambda^{C}$ $z^{(n)}=\Sigma_{a}z_{a}^{(n)}\sigma^{a}\in\Lambda^{C}$ $z=\Sigma_{a}z_{a}\sigma^{a}\in\Lambda^{C}$ $C$
$a$ $z_{a}^{(n)}$ $z_{a}$
$\pi_{B}$
$\Lambda^{C}$ $C$ $\pi_{B}(z)=z_{B}$ (body projection augmenta-
tion map ) $A=\pi_{B}^{-1}(R)$ $\Lambda_{(k)}=\Lambda\cap\Lambda_{(k)}^{C}$
$\Lambda^{C}$ even number odd nuber
$z=z_{\epsilon v}+z_{od}= \sum_{|a|=even}\sim a\sigma^{a}+\sum_{|a\models odd}z_{\alpha}\sigma^{a}$
. (62)
$\Lambda_{ev}^{C}=\{z\in\Lambda^{C}; z=\Sigma_{|a|=even}z_{a}\sigma^{a}\}$ $\Lambda_{od}^{C}=\{z\in\Lambda^{C};z=\Sigma_{|a\}=\circ dd}z_{a}\sigma^{a}\}$
\mbox{\boldmath $\lambda$}, $\Lambda=\Lambda_{ev}\oplus\Lambda$ $d$ $P$ $z\in\Lambda_{ev}$ $p(z)=0$ $z\in\Lambda_{od}$
$p(z)=1$ $\Lambda^{C}$ $z$ homogeneous $p(z)=0$ 1
A.l $(m,n)$ superspace
$R^{m,n}=(\Lambda_{\epsilon v})^{m}\cross(\Lambda_{od})^{n}$ (63)
$X=(X_{1}, \cdots,X_{m},X_{m+1}, \cdots, X_{m+n})=(x_{1}, x_{2}, \cdots, x_{m}, \theta_{1}, \theta_{2}, \cdots, \theta_{n})$
$\in R^{m,n}$ $R^{m,n}$ $\Lambda^{C}$ $R^{m,0}=(\Lambda_{ev})^{m}$
$R^{m}$ $\pi_{B}$ body projection $\pi_{B}(x_{1}, \cdots, x_{m})=(x_{1,B}$ ,
. . . , $x_{m,B}$). $R^{m,0}$ $U_{\epsilon v}$ $\pi_{B}^{-1}(\pi_{B}(U_{\epsilon v}))=U_{ev}$
super (even) domain
A.2 $R^{m,n}$ superdifferentiable
$U_{ev}$ $R^{m,0}$ super domain $U_{B}=\pi_{B}(U_{ev})$ $U_{B}$ $\Lambda^{C}$
$f$ Grassmann continuation $\tilde{f}$ $U_{ev}$ $\Lambda^{C}$
$x=x_{B}+x_{S}$
$f(x)= \sum_{|\alpha|\geq 0}\frac{1}{\alpha!}(\partial_{q}^{\alpha}f)(x_{B})x_{S}^{\alpha}$ . (64)
$\llcorner B$ $x=(x_{1}, \cdots, x_{m}),$ $x_{B}=(x_{1,B}, \cdots, x_{m,B})=(q_{1}, \cdots, q_{m})=q\in U_{B},$ $x_{S}=(x_{1,S}, \cdots, x_{m,S})$
$x^{\alpha}=x_{1}^{\alpha_{1}}\cdots x_{m}^{\alpha_{m}}$ .
A.2 1. super domain $U_{ev}\in R^{m,0}$ $U_{ev}$ $\Lambda^{C}$ $f$ $\tilde{f}$
$U_{B}=\pi_{B}(U_{ev})$ $\Lambda^{C}$ $f$ Grassmann continuation
12
13
$\tilde{f}$ superdifferentiable $\circ C^{\infty}(U_{ev}, \Lambda^{C})$ $U_{ev}$ superdifferentiable
$\tilde{f}$ $f$




$a=(a_{1}, \cdots a_{n})\in\{0,1\}^{n},$ $\theta^{a}=\theta_{1}^{a_{1}}\cdots\theta_{n^{n}}^{a},$ $f_{a}(x)\in C^{\infty}(U_{ev}, \Lambda^{C})$ .
superdifferentiable homogeneous ($i.e.$ , $a$ $f_{a}(x)$
homogeneous) $C^{\infty}(U, \Lambda^{C})$
3. -U superdifferentiable $a$ $f_{a}(x_{1,B}, \cdots, x_{m,B})\in R$
4. $f\in..C^{\infty}(U, \Lambda^{C})$ $j=1,2,-\cdots,$ $m$ $s=1,2,$ $\cdots,$ $n$
$\{F_{s+m}(X)F_{j}(X)=\sum_{=\sum_{I^{a}I\leq^{n}}}I_{a}l\leq_{n}\partial_{j}f_{a}(x)\theta^{a}(-l)^{s(a)+p(f_{a}(x))}f_{a}(x)\theta_{1}^{a_{1}}\cdots\theta_{s}^{a_{s}-1}\cdots\theta_{n^{n}}^{a}$ (66)
$s(a)=\Sigma_{j^{-1}}^{s_{=1}}a_{j_{J}}\theta_{s}^{-1}=0$ . $F_{A}(X)$ $X=(x, \theta)$ $X_{A}$
$F_{j}(X)= \frac{\partial}{\partial x_{j}}f(x, \theta)=\partial_{x_{j}}f(x,\theta)$, $F_{m+s}(X)= \frac{\vec{\partial}}{\partial\theta_{s}}f(x, \theta)=\vec{\partial}_{\theta_{s}}f(x, \theta)$ (67)
$j=1,2,$ $\cdots,$ $m,s=1,2,$ $\cdots,$ $n$ .
1.
2. Grassmann algebras $U$





A.l $Y=(y, p)$ $R^{m,n}$ $U$ super domain $U_{B}=r_{B},(U)=$
$\{x_{B}\in R^{m};|x_{B}-y_{B}|<r_{0}\}$ $U$ superdifferentiable
ylor $p$
$f(x, \theta)=\sum_{|\alpha\{+|a|\leq P}\overline{\prime}_{p}$ . (68)
$\tau_{p}(x, \theta)=\sum(x-y)^{\alpha}(\theta-\rho)^{a}\int_{0}^{1}\frac{1}{p!}(1-t)^{p}\partial_{x}^{\alpha}\tilde{\partial}_{\theta}^{\alpha}f(y+t(x-y), \rho+t(\theta-\rho))dt$ . (69)
$|\alpha 1+|a$ }$=p+1$
A.3 Integration (even case)
$u(x)$
A.3 $u(x)$ $\Lambda_{e}(=R^{1,0})$ $D$ $\Lambda^{C}$ superdifferentiable




well-defined $[\lambda_{B}, \mu_{B}]\subset D$
$\int_{\lambda_{B^{B}}}^{\mu}u(x)dx=\int_{\lambda_{B^{B}}}^{\mu}u(t)dt$ (71)
$R^{m,0}$ super domain $\Omega$ $u(x)dx$
A4($R^{m,0}$ )
1.
$C^{\infty}(R^{m,0}, \Lambda^{C})$ $= \{u(x)=\Sigma_{|\alpha|\geq 0}\frac{1}{\alpha}\partial_{x}^{\alpha_{B}}u(x_{B})x_{S}^{\alpha} ; u(x_{B})\in C^{\infty}(R^{m}, \Lambda^{C})\}$ ,
$C_{0}^{\infty}(R^{m,0}, \Lambda^{C})$ $= \{u(x)=\Sigma_{|\alpha|\geq 0}\frac{1}{\alpha!}\partial_{x}^{\alpha_{B}}u(x_{B})x_{S}^{\alpha} ; u(x_{B})\in C_{0^{\infty}}(R^{m}, \Lambda^{C})\}$,




), $u\in C^{\infty}(R^{m,0})$ $L^{2}-$ $yt/$
{ $u,w\rangle$ $= \int_{R^{m,0}}u(x)\overline{w(x)}dx=\int_{R^{m}}u(x_{B})\overline{w(x_{B})}dx_{B}$ , $||u\Vert^{2}=\{u,$ $u\rangle$ , (72)





$(F_{e}u)(\xi)$ $=(2 \pi\hslash)^{-m/2}\int_{R^{m.0}}e^{-|\hslash^{-1}(\xi|y)}u(y)dy$ ,
(74)
$(\overline{F}_{e}v)(y)$ $=(2 \pi\hslash)^{-m/2}\int_{R^{m,0}}e^{i\hslash^{-1}(\xi|y)}\acute{v}(\xi)d\xi$.
A.4 Integration (odd and mixed case)
$v$ $\theta=(\theta_{1}, \cdots, \theta_{n})\in(\Lambda_{od})^{n}=R^{0,n}$
$v( \theta_{1}, \cdots,\theta_{n})=\sum_{|b|\leq n}v_{b}\theta^{b}$
with $v_{b}\in\Lambda^{C}$
$P_{n}(\Lambda^{C})$
A6 1. $v\in P_{n}(\Lambda^{C})$














A.7 $u=u(x, \theta)$ $u(x, \theta)=\Sigma_{I^{a1\leq n}}u_{a}(x)\theta^{a}$ $u_{a}(x)\in C^{\infty}(R^{m,0})$
$\int_{R^{m,n}}u(x, \theta)dxd\theta=\int_{R^{n,0}}\{\int_{R^{0.n}}u(x, \theta)d\theta\}dx$ (79)
A8 ($R^{m,n}$ )
1. $C^{\infty}(R^{m,n})$ $R^{n,n}$ Ac- $u(x, \theta)=\Sigma_{\}a|\leq n}u_{a}(x)\theta^{a}$
$u_{a}(x)\in C^{\infty}(R^{m,0}, \Lambda^{C})$ $a$ homogeneous $(C^{\infty}(R^{m,n})$
associative, non-commutative algebra )
2.
$C_{e}^{\infty}(R^{m,n},A^{C})=\{u\in C^{\infty}(R^{m,n});u(x,-\theta)=u(x,\theta)\}$ ,
$C_{0}^{\infty}(R^{m,n},\Lambda^{C})=\{u\in C^{\infty}(R^{m,n});$ $\vec{\partial}_{\theta}^{\alpha}u(x_{B},0)\in C_{0}^{\infty}(R^{m}:\Lambda^{C})\}$ ,
$S(R^{m,n},\Lambda^{C})=$ { $u\in C^{\infty}(R^{m,n})$ ; $u(x_{B},0)\in S^{\infty}(R^{m},\Lambda^{C})$ },
$B( R^{m,n},\Lambda^{C})=\{u\in C^{\infty}(R^{m,n});\sup_{x_{B}}|\partial_{x}^{\alpha}\vec{\partial}_{\theta}^{a}u(x_{B},0)|<\infty\}$ ,
$C_{eO}^{\infty}(R^{m,n},\Lambda^{C})=C_{\epsilon}^{\infty}(R^{m,n},\Lambda^{C})\cap C_{0}^{\infty}(R^{m,n},\Lambda^{C})$ ,
$S_{e}(R^{m,n}, \Lambda^{C})$ $=S(R^{m,n}, \Lambda^{C})\cap C_{e}^{\infty}(R^{m,n}, \Lambda^{C})$ ,
$\mathcal{B}_{e}(R^{m,n}, \Lambda^{C})$ $=B(\dot{R}^{m,n})\Lambda^{C})\cap C_{e}^{\infty}(R^{m,n}, \Lambda^{C})$ .
$C_{e}^{\infty}(R^{m,n}, \Lambda^{C})$ $C_{e}^{\infty}(R^{m,n})$
3. $C^{\infty}(R^{m,n})$ $L^{2}-$
$\{u, w\}=\sum_{|a|\leq n}\int_{R^{m.0}}u_{a}(x)\overline{w_{a}(x)}dx$ , $\Vert u||^{2}=(u,u$}, (80)
$k$ $k$ Sobolev
$\Vert u\Vert_{k}^{2}=\sum_{|\alpha|+|a|\leq k|a|\leq n},||\partial_{x}^{\alpha_{B}}\vec{\partial}_{\theta}^{a}u(x_{B}, 0)||^{2}$
(81)
$u\in S(R^{m,n})$





$\tilde{L}^{2}(R^{m,n})=\{u\in C^{\infty}(R^{m,n}) ; \Vert u\Vert<\infty\},\tilde{L}_{e}^{2}(R^{m,n})=\tilde{L}^{2}(R^{m,n})\cap C_{e}^{\infty}(R^{m,n})$ ,
$\tilde{H}^{k}(R^{m,n})=\{u\in C^{\infty}(R^{m,n}) ; ||u||_{k}<\infty\},\tilde{H}_{e}^{k}(R^{m,n})=\tilde{H}^{k}(R^{m,n})\cap C_{e}^{\infty}(R^{m,n})$ .
Grassmann algebra
Banach-Grassmann algebra [12] [18]
A.9 $u,$ $v\in S(R^{m,n})$ $Four\dot{\eta}er$ Fourier
$(\mathcal{F}u)(\xi, \pi)$
$=(2 \pi\hslash)^{-m/2}\hslash^{n/2}\iota_{n}\int_{R^{m.n}}e^{-i\hslash^{-1}((\xi|x\rangle’-(\pi|\theta))}u(x, \theta)dxd\theta$
$= \sum_{a}[(F_{e}u_{a})(\xi)][(F_{o}\theta^{a})(\pi)]$ for $u= \sum_{a}u_{a}(x)\theta^{a}$ , (83)
$(\overline{\mathcal{F}}v)(x, \theta)$ $=(2 \pi\hslash)^{-m/:\hslash^{-1}((\xi|x\rangle-\{\pi|\theta))}2\hslash^{n/2}\iota_{n}\int_{R^{m.n}}ev(\xi, \pi)d\xi d\pi$
$= \sum_{b}[(\overline{F}_{e}v_{b})(x)][(\overline{F}_{o}\pi^{b})(\theta)]$ for $v= \sum_{a}v_{b}(\xi)\pi^{b}$ (84)
A2 1. $u,$ $v\in S(R^{m,n})$





$(\mathcal{F}(x^{\alpha}\theta^{a}u))(\xi, \pi)$ $=(i\hslash)^{|\alpha|}(i\hslash)^{|a|}\partial_{\xi}^{\alpha}\vec{\partial}_{\pi}^{a}(\mathcal{F}u)(\xi, \pi)$ ,
$(\mathcal{F}(e^{i\hslash^{-1}((\xi’|x)-(\pi’|\theta))}u))(\xi, \pi)$ $=(\mathcal{F}u)(\xi-\xi’, \pi-\pi’)$ , (87)
$(\mathcal{F}(u(x-x’, \theta-\theta’)))(\xi, \pi)$ $=e^{-i\hslash^{-1}((\xi|x’)-(\pi|\theta’))}(\mathcal{F}u)(\xi,\pi)$ ,
$(\mathcal{F}u)(t\xi, s\pi)$ $=|t|^{-m}|s|^{n}(\mathcal{F}u)(t^{-1}\xi, s^{-1}\pi)$ for $t,s\in R^{x}$ .
4. $\mathcal{F}:S(R^{m,n})arrow S(R^{m,n})$




$\circ A$ $B$ $m\cross m$ $n\cross n$ \mbox{\boldmath $\sigma$}2 $\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$\simeq ‘ $C$ $D$ $m\cross n$




A3 (cf. $[6J$) $A(X)$ $B(X)$ $m\cross m$ $n\cross n\sim_{T};F|jT^{\vee}\{\S$ $\not\equiv \text{ _{}k8}\rangle^{-\supset t\text{ }}$)
$C(X)$ $D(X)$ $m\cross n$ $n\cross m$ $X=(x, \theta)\in R^{m,n}$
superdifferentiable $r\nabla yI$] $J(X)=\{\begin{array}{ll}A(X) C(X)D(X) B(X)\end{array}\}$ super $deter\tau ninanttf$
$\backslash$
$\partial_{X}$ sdet $J(X)=(sdetJ(X))str(J^{-1}\partial_{X}J(X))=(sdetJ(X))st\dot{r}(\partial_{X}J(X)J^{-1})$ . (91)
A.4 $(y,\omega)=(y(x, \theta),\omega(x, \theta))$ $R^{m,n}$ diffeomorphism
$\int_{R^{m,n}}u(y,\omega)dyd\omega=\int_{R^{m.n}}u(x, \theta)J(x, \theta)dxd\theta$. (92)
$J(x, \theta)$ $(y,\omega)$ Jacobian
$J(x, \theta)=sdet\{\begin{array}{ll}\partial_{x}y(x,\theta) \vec{\partial}_{\theta}y(x,\theta)\partial_{x}\omega(x,\theta) \vec{\partial}_{\theta}\omega(x,\theta)\end{array}\}$ . (93)
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